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Lattice fermions with Majorana couplings* 
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We analyse stability of almost massless Dirac mode in gauge models with boundary (domain wall) fermions, 
and consider the possibility of decoupling one of its chiral component by giving it a Majorana mass of the order 
of the inverse lattice spacing. We argue that the chiral spectrum in such models is always uncharged, so they can 
be implemented for defining the Weyl fermions only in the real representation of the gauge group, for instance, 
in SUSY models. 
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1 . Both the Wilson and the domain wall formu- 
lations of lattice fermions involve coupled pair(s) 
of left-handed (ip) and right-handed (x) Weyl 
fermions. One of the conceivable ways to define 
within such formulations a chiral theory, is to de- 
couple, say, X by giving it a Majorana mass of the 
order of the inverse lattice spacing. It can be done 
directly, if the fermions belong to a real represen- 
tation of the gauge group, or through the Higgs 
mechanism, if the representation is complex. In 
the latter case the model must have strong cou- 
pling paramagnetic (PMS) phase, where fermions 
acquire masses 0(1) without spontaneous sym- 
metry breaking. 

In both formulations the ijj and x s-re coupled 
through the momentum dependent Dirac mass 
terms. Therefore one of the problem on this way 
is that the introduction of the Majorana mass for 
X induces a Majorana mass also for -0, and due 
to radiative corrections such a mass can get 0(1). 
So, fine tuning of the Majorana mass of ■0 may 
be necessary. In the Wilson formulation such a 
Dirac mass term is the Wilson term mnip) — 
{Pfj_ — 2sinip^), and the problem of fine tuning 
of both the Dirac and the Majorana masses does 
arise. 

The boundary fermions [0 can be viewed as a 
coupled system of Ng pairs of and x with the 
action 



s,t=l 

+^sW-tXt + XsW+M, 



(1) 



where 
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Sstil ~ M - -A), 
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and M G (0, 2) is intrinsic mass parameter of the 
formulation (for more detail see ||]). The propa- 
gators of such a system have the form 
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with p^ = sinp^. The point is that mass matri- 
ces W~W~^ and W^W~ have iV^ — 1 eigenvalues 
0(1) and exactly one eigenvalue that at p ~ 
have the form mj^ ~ (1 — M)^^% with the corre- 
sponding eigenvectors tp ^ J2si^ ~ MY~^ijjs and 

x-T.s{^-Mr^-'xs. 

Like in the Wilson case, the radiative correc- 
tions leads to both a multiplicative and an addi- 
tive renormalization of the mass M . However, un- 
like the Wilson fermions, in this case Smn ^ 5M . 



Figure 1 . Mean field estimate of renormalized m d 
in QCD as a function of g"^ at Ns = 4, 10 and 100, 
and M = 0.9. W stands for the Wilson fermions. 



This is illustrated in Fig. 1-2, where numerical re- 
sults of a mean field estimate^ of the mass renor- 
malization are shown. 

They demonstrate that for a given value of the 
gauge coupling there exists an interval for M with 
the midpoint M = 5 — 4:{U){g'^) within which the 
renormalized mo ~ {M — M)^" ^ 1, and the 
larger Ng, the wider this interval. For QCD with 

< 0(1) we have 

M ~ 1 + OAg^. (4) 

The situation is not changed with taking into ac- 
count the nondiagonal parts of the fermion self 
energy in perturbation theory (for more detail 
see 1^)0. So no fine tuning for the Dirac mass 
is needed in such a formulation. This gives rise 
to a hope that introducing of the Majorana mass 
for X will not lead to the need for fine tuning of 
the Majorana mass of tjj. 

2. This, in fact, is an underlying motivation 
of two recent proposals for the lattice formula- 
tions of the Standart Model g and of iV = 1 
SUSY model In both proposals it has been 

^In the Feynman gauge the mean field value of the link 
variable is {U„^fi) = exp[— i(ji^C2(A''c)/], where I = 
J {1/cp) ~ 0.155 is the tadpole contribution, and C2(3) = 

4/3. 

^See, however, M 



Figure 2. The same as in Fig. 1 but M = 1.7. 



suggested to introduce the Majorana mass only 
for field xn^ ■ Thus the first question arising in 
this approach is (i) whether such an introduction 
of the Majorana mass does provide a chiral low- 
lying spectrum and whether the fine tuning is not 
needed. Besides, in the case of complex represen- 
tation of the gauge group |^ the questions of (ii) 
the existence of the PMS phase and of (iii) the 
properties of the system within this phase arise. 
Here we present the answers to these questions 
obtained in 

We consider the system defined by the action 

= ^0 + Y^^XnHxn^ +Xn^H^X%J: (5) 

where H either is a constant H = ma2, m = 
0(1), if the representation of the gauge group is 
real, or is a Higgs field H — y^<J2 if the represen- 
tation is complex. So the action (|^) in both cases 
is gauge invariant. 

(i) To answer to the first question consider how 
the propagators (3) are modified by the constant 
Majorana mass term in (5). In the approximation 
neglecting terms 0((1— M)^=) the functions Gl,r 
have the form 

-t-A^(i)e"(^+*-2^=) + Be-"l^-*l, (6) 

where Sfta > 0, Al, Ajj and B are functions of p, 
and only Al has a pole at = that corresponds 
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to the massless mode. The introduction of the 
Majorana mass (5) leads to such a modification 
of the function Gl._r, that in Gl only function Api 
is modified, so that no new poles appear in Gl, 
while in Gr only function is modified, and this 
modification is such that exactly cancels the pole 
ui Al- Thus only one (nearly) massless mode of 
il> survives in the system (5). Like in the massless 
case (3) the main contribution to this mode at 
low momenta comes from V's=i, with exponential 
dumping of the contributions of higher s's. 

It turns out also that at p ^ Q the induced 
propagator ('0V') has the form 



and V's = z^Tps described by the action (5) with 



lz^-5,,[{l-M)lz^ + 



(7) 



that shows that the effect of the Majorana mass 
(5) is suppressed exponentially in the physical 
sectoi]^ This justifies the hope that no fine tuning 
of the Majorana mass is needed, as well. 

(ii) In order that similar situation is realised for 
complex representation of the gauge group, the 
system (5) must be within PMS phase. That such 
a phase exists in this system has been demon- 
strated in 1^ within a mean field approximation. 
For instance, in the case of group U(l) the system 
is in the PMS phase at y > 9.7, and n < Kcriv), 
where k is the standard hopping parameter of the 
Higgs field and K^riy) - 1/8 - n.7/y'^. 

(iii) To get some idea of the properties of the 
system (5) within the PMS phase, we represent 
the Higgs field $ as $ = and use a mean 
field technique in terms of the link expectation 
value = ($]j$n±/t)) which is known to be 
nonzero in the PMS phase, though ($) — (for 
more detail and references see [Q). We find three 
possible scenarios. Namely, at tree level the sys- 
tem may consist: 

either of one neutral (i.e. singlet under the 
gauge group) field x = ^^XNs "^ith the Majo- 
rana mass m = y/z'^ and charged tp's and x's 
with naive spectrum; 

or of pair of massive neutral fields x — z^xn^ 
and ip = z^ipN^ and the decoupled system (1) 
with Ns ~ 1 pairs of -0 and x; 

or of Ns pair of the neutral fields Xs = z^Xs 



modified term W^, 
^^(1/z^ — cosp^)] and the Majorana mass m = 
y/z^. 

Which of these possibilities is actually realised 
depends on the parameters of the system and the 
answer to this question requires special investiga- 
tion. Only the third scenario leads to the chiral 
spectrum, provided the mass M is chosen prop- 
erly, i.e. within the interval 4 — Az"^ < M < 
6 — 42^. However all the fermions in this case 
are neutral, and the crucial question to such a 
model is what are the gauge interactions of such 
neutral fermions. 

3. Thus, we have demonstrated that for 
the real representations of the gauge group the 
boundary fermions with the Majorana mass have 
chiral spectrum at tree level, and argued that 
it is stable at least in perturbation theory. So, 
such models can be implemented for a non- 
perturbative formulation of the SUSY models 
without problem of fine tuning. As concerns the 
chiral gauge theories, our conclusion is less op- 
timistic, since we have found that only neutral 
states may have chiral spectrum within the PMS 
phase, and there is a strong evidence that in the 
continuum limit such neutral states become non- 
interacting (see for more detail and the refer- 
ences) . 
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